We show that free electrons can efficiently excite plasmons in doped graphene with probabilities of order one per electron. More precisely, we predict multiple excitations of a single confined plasmon mode in graphene nanostructures. These unprecedentedly large electron-plasmon couplings are explained using a simple scaling law and further investigated through a general quantum description of the electron-plasmon interaction. From a fundamental viewpoint, multiple plasmon excitations by a single electron provides a unique tool for exploring the bosonic quantum nature of these collective modes. Our study does not only open a viable path towards multiple excitation of a single plasmon mode by single electrons, but it also reveals graphene nanostructures as ideal systems for producing, detecting, and manipulating plasmons using electron probes.
The existence of surface plasmons was first demonstrated by observing energy losses produced in their interaction with free electrons. 1, 2 Following those pioneering studies, electron beams have revealed many of the properties of plasmons through energy-loss and cathodoluminescence spectroscopies, which benefit from the impressive combination of high spatial and spectral resolutions that is currently available in electron microscopes and that allows mapping plasmon modes in metallic nanoparticles and other nanostructures of practical interest. [3] [4] [5] However, plasmon creation rates are generally low, thus rendering multiple excitations of a single plasmon mode by a single electron extremely unlikely.
From a fundamental viewpoint, the question arises, what it the maximum excitation probability of a plasmon by a passing electron? This depends on a number of parameters, such as the interplay between momentum and energy conservation during the exchange with the electron, the spatial extension of the electromagnetic fields associated with the electron and the plasmon, and the interaction time, which are in turn controlled by the spatial extension of the excitation and the speed of the electron. One expects that highly confined optical modes, encompassing a large density of electromagnetic energy, combined with lowenergy electrons, which experience long interaction times, provide an optimum answer to this question. This intuition is corroborated here by examining the interaction between free electrons and graphene plasmons. The peculiar electronic structure of this material leads to the emergence of strongly confined plasmons (size < 1/100 of the light wavelength) when the carbon layer is doped with charge carriers. [6] [7] [8] [9] [10] Graphene plasmons have been recently observed and their electrical modulation unambiguously demonstrated through near-field spatial mapping [11] [12] [13] and far-field spectroscopy. [14] [15] [16] These low-energy plasmons, which appear at mid-infrared and lower frequencies, should not be confused with the higher-energy π and σ plasmons that show up in most carbon allotropes, and that have been extensively studied through electron energy-loss spectroscopy (EELS) in fullerenes, 17, 18 nanotubes, 19 and graphene. [20] [21] [22] [23] These high-energy plasmons are not electrically tunable. We thus concentrate on electrically driven low-energy plasmons in graphene. Despite their potential for quantum optics and light modulation, [24] [25] [26] the small size of the graphene structures relative to the light wavelength (see below) poses the challenge of controlling their excitation and detection with suitably fine spatial precision. Using currently available subnanometer-sized beam spots, free electrons appear to be a viable solution to create and detect graphene plasmons with large yield and high spatial resolution. As a first step in this direction, angle-resolved EELS performed with low-energy electrons has been used to map the dispersion relation of low-energy graphene plasmons, 27, 28 as well as their hybridization with the phonons of a SiC substrate, 29 although this technique has limited spatial resolution.
The probabilities of multiple plasmon losses, as observed in EELS 30 and photoemission 31 experiments, are well known to follow Poisson distributions. 18, 32, 33 Previous studies have concentrated on plasmon bands, where the electrons simultaneously interact with a large number of plasmon modes. We are instead interested in the interaction with a spectrally isolated single mode.
In this article, we show that a single electron can generate graphene plasmons with large yield of order one. We discuss the excitation of both propagating plasmons in extended carbon sheets and localized plasmons in nanostructured graphene. The excitation probability is shown to reach a maximum value when the interaction time is of the order of the plasmon period. Our results suggest practical schemes for the excitation of multiple localized graphene plasmons using electron beams, thus opening new perspectives for the observation of nonlinear phenomena at the level of a few plasmons excited within a single mode of an individual graphene structure by a single electron.
RESULTS AND DISCUSSION
Plasmon excitation in extended graphene. Before discussing confined plasmons, we explore analytical limits for electrons interacting with a homogeneous graphene layer. The dispersion relation of free-standing graphene plasmons can be directly obtained from the
Electron energy (eV) Loss probability Electron energy-loss spectra for an electron incident normally to a homogeneous graphene sheet under the same conditions as in (a) for two different electron kinetic energies (broken curves), compared with the universal analytical expression for the plasmon contribution derived in the Drude model (solid curve, ??). The inset shows the integral of the latter over thehω < E F region as a function of electron energy. pole of the Fresnel coefficient for p polarization, 7 which in the electrostatic limit reduces to
Here, σ(k , ω) is the conductivity, and k and ω are the light parallel wave-vector and frequency. Because of the translational invariance of the carbon layer, the full k dependence of the conductivity σ can be directly incorporated in ?? to account for nonlocal effects, which include the excitation of electron-hole pairs. The dispersion diagram of 1a, which shows Im{r p } calculated in the random-phase approximation 34, 35 (RPA) under realistic doping conditions (Fermi energy E F = 0.5 eV, corresponding to a carrier density
, where v F ≈ 10 6 m/s is the Fermi velocity), reveals a plasmon band as a sharp feature outside the regions occupied by intra-and interband electron-hole-pair transitions. We justify the use of the electrostatic approximation to describe the response of graphene because the plasmon wavelength is much smaller than the light wavelength (e.g., the Fermi wavelength is 2π/k F = 4π/n = 8.3 nm, which is 300 times smaller than the light wavelength at an energyhω = E F = 0.5 eV).
Under these conditions, an electron crossing the carbon sheet with constant normal velocity v has a probability 5
of lossing energyhω (see Methods for more details). Likewise, an electron moving along a path length L parallel to the graphene experiences a loss probability (see Methods)
where z 0 is the distance between graphene and the electron. These probabilities are determined by Im {r p }, which is represented in 1a. Clearly, losses around the k ∼ ω/v region are favored.
It is instructive to evaluate ?? using the Drude model for the graphene conductivity 7
where τ is a phenomenological decay time. The latter determines the plasmon quality factor Q = ωτ ∼ 10 − 60, as measured in recent experiments. [11] [12] [13] 15, 16 This model works well for photon energies below the Fermi level (hω < E F ), but neglects interband transitions that take place at higher energies. In the ωτ 1 limit, we can approximate
where
is the plasmon wave vector (broken curve in 1a). Using this approximation in ??, the plasmon contribution to the loss probability reduces to
and α ≈ 1/137 is the fine-structure constant. For a perpendicular trajectory, ?? has a maximum at s = 1 (1b). Its integral over thehω < E F region, in which the plasmon is well defined, shows a maximum probability > 35% for an electron energy ∼ 215 eV when we take E F = 0.5 eV. This is an unusually high plasmon yield for electrons traversing a thin film. However, this probability is spread over a continuum of 2D plasmons. In what follows, we concentrate on localized plasmons in finite graphene islands, which feature instead a discrete spectrum, thus placing the entire electron-plasmon strength on a few modes, and consequently, increasing the probability for a single electron to excite more than one plasmon in a single mode. Plasmon excitation in graphene nanostructures. Doped graphene nanoislands can support plasmons, as recently observed through optical absorption measurements. 15, 16 For small islands, the concentration of electromagnetic energy that characterizes these plasmons is extremely high, therefore producing strong coupling with nearby quantum emitters. 9 Likewise, the interaction of localized plasmons with a passing electron is expected to be particularly intense. This intuition is put to the test in 2, where we consider a 100 eV electron interacting with a 100 nm graphene disk doped to a Fermi energy E F = 0.4 eV. We calculate the electron energy-loss probability using classical electrodynamics, 5 assuming linear response, and describing the graphene through the Drude conductivity of ??, which we spread over a thin layer of ∼ 0.3 nm thickness, as prescribed elsewhere. 9 We investigate both a parallel trajectory, with the electron passing 5 nm away from the carbon sheet, and a perpendicular trajectory, with the electron crossing the disk center. 2 only shows the lowest-energy mode that is excited for each of these geometries, corresponding to m = 1 and m = 0 azimuthal symmetries, respectively. An overview of a broader spectral range (see Methods, 7) reveals that these modes are actually well isolated from higher-order spectral features within each respective symmetry. Because we use the Drude model, the width of the plasmon peaks in 2 coincides withhτ −1 (see below), which is set to 1.6 meV, or equivalently, we consider a mobility of 10, 000 cm 2 /(V s), which is a moderate value below those measured in suspended 36 and BN-supported 37 high-quality graphene.
The area of the plasmon peaks is a τ -independent, dimensionless quantity that corresponds to the number of plasmons excited per incident electron. For the m = 1 mode (parallel trajectory), we find ∼ 0.4 plasmons per electron. This leads us to the following two important conclusions: (i) the probability of multiple plasmon generation is expected to be significant, and its study requires a quantum treatment of the plasmons to cope with the bosonic statistics of these modes, as described below; and (ii) linear response theory, which we assume within the classical electromagnetic calculations shown in 2, is no longer valid because nonlinear and quantum corrections become substantial. These two conclusions are further explored in what follows, but first we discuss a universal scaling law for the energy-loss probability that is also relevant to the description of multiple plasmon processes.
Electrostatic scaling law and maximum plasmon excitation rate. In electrodynamics, the light wavelength introduces a length scale that renders the solution of specific geometries size dependent. In contrast, electrostatics admits scale-invariant solutions, which have long been recognized to provide convenient mode decompositions, particularly when studying electron energy losses. [38] [39] [40] Modeling graphene as an infinitely thin layer, its elec-trostatic solutions take a particularly simple form. 15 We provide a comprehensive derivation of the resulting scaling laws in the Methods section, the main results of which are summarized next. We focus on a spectrally isolated plasmon of frequency ω p sustained by a graphene nanoisland of characteristic size D (e.g., the diameter of a disk) and homogeneous
Fermi energy E F .
Assuming the Drude model for the graphene conductivity (??), the plasmon frequency is found to be
where γ p is a dimensionless, scale-invariant parameter that only depends on the nanoisland geometry and plasmon symmetry under consideration (see ??). In particular, we have γ p = 3.6 for the lowest-order axially symmetric plasmon of a graphene disk (m = 0 azimuthal symmetry), which is the lowest-frequency mode excited by an electron moving along the disk axis. Also, we find γ p = 2.0 for the lowest-order m = 1 mode, which can be excited in asymmetric configurations. It is important to stress that ?? reveals a linear dependence of
Furthermore, the average number of plasmons excited by the electron (i.e., the plasmon yield) reduces to (see Methods, ??)
within this classical theory. Here, we have defined the two dimensionless parameters
as well as the dimensionless loss function
The integral is over the electron path length in units of D, whereas f p is the dimensionless scaled plasmon electric potential defined in ??, which is calculated once and for all following the procedure explained in the Methods section (see ?? and beyond).
We For a relatively grazing trajectory (θ ∼ 80 − 85 • ), a maximum plasmon excitation proba- The inset shows the energy-loss probability for a plasmon width of 1.6 meV.
ily large values of P cla p can be in principle achieved through reducing E F and D (even while maintaining their ratio constant, and consequently, also ω p ) the graphene size is limited to D ∼ 10 nm, as plasmons in smaller islands are strongly quenched by nonlocal effects. 41 With D = 10 nm and E F = 0.4 eV, we have 0.48 eV plasmons that can be excited by 9 eV electrons with P cla p = 1.8 probability per incident electron. This result is clearly outside the range of validity of linear response theory and clearly anticipates large multiple-plasmon excitation probabilities.
Quantum mechanical description. The above classical formalism follows a long tradition of explaining electron energy-loss spectra within classical theory, 5 under the assumption that the total excitation rate is small (i.e., P cla p 1), thus rendering multiple plasmon excitations highly unlikely. This is inapplicable to describe electron-driven plasmon generation in graphene, for which we can have P cla p > 1. Therefore, a quantum treatment of the plasmons becomes necessary. We follow a similar approach as in previous studies of multiple plasmon losses, 18, 32, 33 here adapted to deal with a single plasmon mode. Describing the electron as a classical external charge density ρ ext (r, t) and the plasmon as a bosonic mode, we consider the Hamiltonian
where the operator a (a + ) annihilates (creates) a plasmon of frequency ω p , and the timedependent coupling coefficient is defined as
in terms of φ p , the electric potential associated with the plasmon. In the electrostatic approximation, neglecting the effect of inelastic plasmon decay, it is safe to assume that φ p is real. Notice that g is just the electrostatic energy subtracted or added to the system when removing or creating one plasmon (i.e., the integral represents the potential energy of the external charge in the presence of the potential created by one plasmon). The Hamiltonian H should be realistic under the condition that both the electron-plasmon interaction time and the optical cycle are small compared with the plasmon lifetime. In practice, this means that the electron behaves a point-like particle, or at least, its wave function is spread over a region of size vτ . Additionally, we assume the electron kinetic energy to be much larger than the plasmon energy, so that multiple plasmon excitations do not significantly change the electron velocity (non-recoil approximation).
As the plasmon state evolves under the influence of a linear term in ?? with a classical coupling constant g, it should exhibit classical statistics. 42 Indeed, it is easy to verify that the plasmon wave function
is a solution of Schrödinger's equation H|ψ = i∂|ψ /∂t, where
is a coherent state 43 with
is an overall phase that does not affect the plasmon-number distribution. The average number of plasmons excited at a given time is given by |ξ(t)| 2 . We thus conclude that the probability of exciting n plasmons simutaneoulsy follows a Poissonian distribution
which yields a second-order correlation g (2) (0) = 1.
Expressing ξ and g in terms of φ p , noticing that ξ(−∞) = 0 (i.e., no plasmons present before interaction with the electron), and using a similar scaling as in the classical theory discussed above, we can write the probability of exciting n plasmons as
where p , black curve) for a 50 eV electron passing grazingly by the center of a graphene disk. The probability is the same for straight crossing and specularly reflected trajectories.
Inclusion of plasmon losses. Inelastic losses during the electron-plasmon interaction time have been so far ignored in the above quantum description. However, for sufficiently slow electrons or very lossy plasmons, the interaction time can be comparable to the plasmon lifetime τ , so that the above quantum formalism needs to be amended, for example by following the time evolution of the density matrix ρ, according to its equation of motion 44
where the Hamiltonian H is defined by ??. The solution to this equation can still be given in analytical form:
where |ξ is again a coherent state (see ??), but we have to redefine
It is straightforward to verify that ?? are indeed a solution of ??.
A simultaneous density-matrix description of the electron and plasmon quantum evolutions involves a larger configuration space that is beyond the scope of this paper. We can however argue that the probabilities P (n) p corresponding to the electron lossing energies nhω p must still follow a Poissonian distribution if we trace out the plasmon mode. At t → ∞, all plasmons must have decayed, so that we can obtain the average number of plasmon losses from the time integral of the total plasmon decay rate, a + a /τ . Again, we find that this quantity coincides with the classical linear loss probability P cla p , which is now given by
whereg(ω) is the time-Fourier transform of g(t)
. This expression reduces to P cla p = |g(ω p )/h| 2 (i.e., ??) in the limit of high plasmon quality factor Q = ω p τ 1.
Multiple plasmon generation by a single electron. We show in 4 results obtained by solving ?? under the conditions of the most grazing trajectory from those considered in 3.
In particular, the electron energy is 50 eV, which corresponds to ν ≈ 1.9. The average number of plasmons excited by a single electron under these conditions reaches a maximum value slightly above 1, distributed in a ∼ 40% probability of exciting only one plasmon, a ∼ 20% probability of simultaneously exciting two plasmons, and lower probabilities of generating more than two plasmons. The peak maximum is observed at µ ∼ 3 (this corresponds for example to D = 50 nm and E F = 0.26 eV), which leads to µ/ν ∼ 1.6, slightly to the left of the main peak observed within linear theory at µ/ν ∼ 2 in 3.
The full dependence of the probability of generating n = 0 − 3 plasmons on µ and ν is shown in 5. For large µ, the results approach the linear regime, only single plasmons are effectively excited, and the highest probability is peaked around a broad region centered along the µ = 2 ν line. At small µ's, a more complex behavior is observed. The double-plasmon excitation probability is above 20% over a broad range of µ's, and even the probability of simultaneously generating three plasmons takes significant values > 10% up to µ ∼ 1. The probability is increasingly more confined towards the low µ and ν region when a larger number of plasmons is considered. Notice however the presence of a dip in that region for single-plasmon excitation, which is due to transits towards a larger numbers of plasmons created. A similar effect is observed for n = 2 at even lower values of µ and ν. 
CONCLUSIONS AND OUTLOOK
We predict unprecedentedly high graphene-plasmon excitation rates by relatively low-energy free electrons. When a plasmon is highly confined down to a small size compared with the light wavelength, the dipole moment associated with the plasmon is small and this limits the strength of its coupling to light. Direct optical excitation becomes inefficient, and one requires near-field probes to couple to the plasmons. 11, 12 In fact electrons act as versatile near-field probes that can be aimed at the desired sample region. Furthermore, electrons carry strongly evanescent electromagnetic fields that couple with high efficiency to confined optical modes, thus rendering the observation of multiple plasmon excitation feasible. Our calculations show double excitation of a single plasmon mode with efficiencies of up to 20%
per incident electron in graphene structures with similar size and doping levels as those produced in recent experiments. 15 Besides its fundamental interest, multiple plasmon excitation is potentially useful to explore nonlinear optical response at the nanoscale. In particular, quantum nonlinearities at the single-or few-plasmon level has been predicted in small graphene islands. 45 As the excitation of strongly confined plasmons by optical means remains a major challenge, free electrons provide the practical means to explore this exotic quantum behavior. In particular, the generation of n plasmons by a single electron produces an energy losshnω p , the detection of which can be used to signal the creation of a plasmon-number state in the graphene island.
The electron energies for which plasmon excitation probabilities are high lie in the subkeV range, which is routinely employed in low-energy EELS studies, 46 as already reported for collective excitations in graphene. 27, 29 In practice, one could study electrons that are elastically (and specularly) reflected on a patterned graphene film. Actually, the analysis of energy losses in reflected electrons was already pioneered in the first observation of surface plasmons in metals. 2 A similar approach could be followed to reveal multiple graphene plasmon excitations by individual electrons. Incidentally, low-energy electron diffraction at the carbon honeycomb lattice could provide additional ways of observing these excitations through elastically diffracted beams, for which plasmons should be the dominant channel of inelastic losses. Inelastic losses in core-level photoelectrons, which have been used to study plasmons in semi-infinite 31, 47 and ultrahin 48 metals, as well as (the so-called plasmon satellites), offer another alternative to resolve multiple plasmon excitations in confined systems.
In practical experiments, the graphene structures are likely to lie on a substrate, and their size and shape must be chosen such that the energies of higher-order plasmons are not multiples of the targeted plasmon energy. Although for the sake of simplicity the analysis carried out here is limited to self-standing graphene structures, it can be trivially extended to carbon islands supported on a substrate of permittivity by simply multiplying both the graphene conductivity (or equivalently, the Fermi energy in the Drude model) and the external electron potential by a factor 2/(1+ ). This factor incorporates a rigorous correction to the 1/r free-space point-charge Coulomb interaction when the charge is instead placed right at the substrate surface. Likewise, the contribution of the image potential leads to a total external potential at the surface given by 2/(1+ ) times the bare potential of the moving electron. The presence of a surface can however attenuate the transmitted electron intensity, so reflection measurements appear as a more suitable configuration. It should be emphasized that the energy loss and plasmon excitation probabilities produced by transmitted electrons coincide with those for specularly reflected electrons, and therefore, the present theory is equally applicable to reflection geometries, as indicated in 4. This is due to the small thickness of the graphene, where induced charges cannot provide information on which side the electron is coming from. A detailed analysis consisting in using an external electron charge ρ ext (r, t) for a specularly reflected electron fully confirms this result.
High plasmon excitation efficiencies should be also observable in metal nanoparticles. One could for example study electrons reflected on a monolayer of nanometer-sized gold colloids, which present a similar degree of mode confinement as graphene. However, plasmons in noble metals have lower optical quality factors than in graphene, thus compromising the condition that vτ be smaller than the electron wave function spread (see above). Additionally, the trajectories of sub-keV electrons reflected from metal colloids can be dramatically affected by their stochastic distributions of facets and small degree of surface homogeneity compared with graphene, the 2D morphology of which can be tailored with nearly atomic detail. 49 In summary, graphene provides a unique combination of surface quality, tunability, and optical confinement that makes the detection of multiple plasmon excitations by individual electrons feasible, thus opening a new avenue to explore fundamental quantum phenonema, nanoscale optical nonlinearities, and efficient mechanisms of plasmon excitation and detection with potential application to opto-electronic nanodevices.
METHODS
In this section, we formulate an electrostatic scaling law and a quantum-mechanical model that allow us to describe multiple excitations of graphene plasmons by fast electrons. The model agrees with classical theory within first-order perturbation theory, and provides a fast, accurate procedure to compute excitation probabilities for a wide range of electron velocities and graphene parameters.
Eigenmode expansion of the classical electrostatic potential near graphene.
The graphene structures under consideration are much smaller than the light wavelengths associated with their plasmon frequencies, and therefore, we can describe their response in the electrostatic limit. The optical electric field can be thus expressed as the gradient of an electric potential φ in the plane of the graphene. It is convenient to write the self-consistent
where the integral represents the potential produced by the charge density induced on the graphene, which in virtue of the continuity equation, is in turn expressed as (−i/ω)∇ R · j(R, ω) in terms of the induced current j(R, ω) = −σ(R, ω)∇ R φ(R, ω). Here, σ is the 2D graphene conductivity, which we assume to act locally. These expressions involve coordinate vectors R = (x, y) in the plane of the graphene, z = 0. Although ?? is valid for any point r = (R, z), we take z = 0 to obtain the self-consistent electric potential in the graphene sheet. Incidentally, the abrupt change of σ at the edge of a graphene structure produces a divergent boundary contribution to the integrand of ??. These types of divergences have been extensively studied in the context of magneplasmons at the edge of a bounded 2D electron gas, 50 and more recently also in graphene. 51 In practice, we can solve ?? numerically by smoothing the edge (e.g., though in-plane modal expansions of σ and φ). This produces convergent results in agreement with direct solutions of the 3D Poisson equation. However, we only use ?? in this article to derive formal relations and scaling laws involving plasmon modes, whereas specific numerical computations are performed following a different method, as explained below.
Given the lack of absolute length scales in electrostatics, we can recast ?? in scaleinvariant form by using the reduced 2D coordinate vectors þ = R/D, where D is a characteristic length of the graphene structure (e.g., the diameter of a disk). Additionally, we assume that the conductivity can be separated as σ(R, ω) = f (R)σ(ω). For homogeneously doped graphene, f (R) simply represents a filling factor that takes the value f = 1 in the graphene and vanishes elsewhere. However, the present formalism can be readily applied to more realistic inhomogeneous doping profiles by transferring the space-dependence of E F to f . This can be applied to describe inhomogeneously doped graphene, including divergences in the doping density near the edges. 52 Combining these elements, we obtain
is a dimensionless parameter containing all the physical characteristics of the graphene, such as the doping level, the temperature dependence, and the rate of inelastic losses, as well as the dependence on frequency ω. Integrating by parts and taking the in-plane 2D gradient on both sides of ??, we find the more symmetric expression
is a symmetric matrix that is invariant under exchange of its arguments:
This implies that M is a real, symmetric operator that admits a complete set of real eigenvalues 1/η j and orthonormalized eigenvectors E j satisfying
where I 2 is the 2 × 2 unit matrix.
The solution to ?? can be expressed in terms of these eigenmodes as
with expansion coefficients
The potential outside the graphene can be constructed from φ(þ, ω) through the induced
. Following a procedure similar to the derivation of ??, we find
where 
The well-known symmetry W ind (u, u , ω) = W ind (u , u, ω) is apparent in ??. For an arbitrary external charge distribution ρ ext (r, t), which we express in frequency space as
the induced potential can be written using the screened interaction as
Electrostatic scaling law for the plasmon frequency. The condition η(ω j ) = η j determines a plasmon frequency of the system ω j for a specific eigenstate j, subject to the condition η j < 0 (see below). This relation has general validity within the electrostatic limit, so that all the graphene characteristics, including the size of the structure D, are fully contained within η(ω), and thus, given a certain shape (e.g., a disk), the eigenvalues η j can be calculated once and for all to obtain the plasmon frequency for arbitrary size or doping.
A powerful electrostatic law can be formulated by assuming the Drude model for the conductivity of graphene (??). The plasmon frequency is then given by ω j − i/2τ , where
and we have defined the real number (provided η j < 0)
to obtain the rightmost expression in ??.
Classical approach to the electron energy-loss probability. We consider an electron moving with constant velocity vector v along the straight-line trajectory r = r 0 + vt passing near or through a graphene structure, as shown in 6. The energy transferred from the electron to the graphene (∆E > 0) can be written as 5
is the loss probability per unit of frequency range, and φ ind is the ω component of the potential induced by the electron along its path. The external charge density associated with the moving electron reduces to ρ ext (r, t) = −e δ(r − r 0 − vt). Using this expression together with ??, the loss probability is found to be
where ζ = ωD/v,
we adopt the notation u = r/D, and the integral is over the path length (in units of D)
along the velocity vector direction.
We now concentrate on a specific plasmon resonance j and neglect contributions to the loss probability arising from modes other than this particular one. For simplicity, we work within the Drude model and assume a small plasmon width τ −1 ω j . Using ?? in ??, and integrating over ω to cover the plasmon peak area, we find
for the probability of exciting plasmon j by the incident electron. Finally, we can recast ?? into the scale-invariant form of ??, using the definitions of ??, and further defining the dimensionless scaled plasmon electric potential
We show in 7 two examples of loss spectra for 100 eV electrons passing near a 100 nm D = 100 nm 
is the quantum-mechanical counterpart of ??.
Normalization of the plasmon potential. In the Drude model (??), assuming a dominant plasmon mode contributing to the response with frequency given by ??, we find that ?? are identical under the assumption ω j τ 1, provided we take
where f j is the dimensionless scaled plasmon electric potential defined by ??, which is independent of the doping level E F and the size of the structure D. As a self-consistency test, we calculate the plasmon excitation probability to first-order perturbation from the quantum model, which yields
Indeed, this equation coincides with the classsical result of ??, provided ?? is satisfied.
In practice we obtain the plasmon potential φ j as follows: first, we calculate the potential induced by a dipole placed near the graphene and oscillating at frequency ω j using the boundary-element method 53 Incidentally, once φ j is calculated, ?? provides a fast way of obtaining loss probabilities for arbitrary values of the electron velocity, the size of the structure, and the doping conditions.
Analytical expressions for the electron energy-loss probability in homogeneous graphene. In the electrostatic limit, the loss probability of electrons moving ei- electron that is specularly reflected at the graphene plane is also given by the above expression for φ ind (k , 0), and consequently, ?? yields the loss probability for such reflected trajectory as well.
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